We report on spatially resolved measurements of the mechanical stress in drying polymer films. The technique is based on the deflection of a flexible membrane serving as the substrate. Assuming that the lateral tension of the membrane is the main source of its resistance to deformation, one can show that the local surface stress f ͑x , y͒ is proportional to the vertical displacement of the membrane u z ͑x , y͒. The membrane distortion was determined by optical means. Measurements taken on drying latex dispersions revealed a maximum of film stress at the rim. The heterogeneous stress distribution often persisted after the film had become dry.
INTRODUCTION
The process of film formation from aqueous polymer dispersions is of outstanding practical importance.
1,2 While the film dries, the material undergoes an irreversible transformation from a stable dispersion to a homogeneous, mechanically rigid film. Film formation is usually divided into the three stages, sometimes called "consolidation," "compactification," and "coalescence." First, the water evaporates ͑"stage I"͒ until the particles come into contact. The particles then deform ͑"stage II"͒, and finally merge to form a continuous phase ͑"stage III"͒. A major problem in film formation is cracking. 3 For applications such as scratch-resistant coatings, one would typically employ a rigid material in order to obtain a hard film. However, the use of hard spheres is in conflict with the constraints imposed by the film formation process, namely, the deformation of the particles in stage II. Strategies to avoid this problem include the use of latex blends, 4, 5 of core-shell particles with a rigid core and a soft shell, 6 and the addition of organic plasticizers ͑"film forming aids"͒. 7 Regardless of what countermeasures against cracking are taken, the stress distribution inside the film is of overriding importance in modeling the drying behavior. A number of authors have employed the beam-bending technique to monitor the film stress as a function of time. [8] [9] [10] [11] Within this approach, the film of interest is deposited on a flexible substrate, which bends in response to the stress occurring during drying. The amount of bending is detected by deflecting a laser beam from a small mirror glued to the tip of the substrate ͑"optical lever technique"͒. The beam-bending technique itself is rather old. For instance, it was used in the 1960s to determine surface energies of single crystals based on the deformation of thin single-crystal plates. 12 The underlying mathematics was first formulated by Stoney in 1909. 13 Beam bending on the microscopic scale has recently seen revived interest in the context microcantilever-based sensing.
14 While the analysis of beam bending has certainly advanced our understanding of the drying processes, it has an important disadvantage: when monitoring the deflection of the substrate at its free end, one can only infer an average stress. The average stress must not be identified with the maximum stress. 15 For the study of drying colloidal dispersions, this disadvantage is rather serious because it is known that films dry heterogeneously from the edge to the center unless there is a strong air flow above the film. 16, 17 The drying front can be observed visually as a boundary between a turbid and a transparent region. Since crack formation depends on the local stress, rather than the average stress, it would be highly desirable to obtain spatially resolved maps of the stress distribution.
There is a commercial instrument capable of measuring stress distributions, which is based on the bending of silicon wafer. 18 This instrument is mostly used for monitoring rather hard coatings. Maps of much smaller stresses have been recently acquired in a biological context by Balaban and et al. 19 These authors cultured cells on a substrate composed of a soft polydimethylsiloxane gel. The gel was stained in regular intervals with a dye. From the lateral displacement, the colored dots ͑as inferred from optical microscopy͒, Balaban et al. inferred the forces exerted by the tissue onto the substrate. The sensitivity and the spatial resolution of this instrument much surpass the performance of the instrument described below. However, being based on optical microscopy, this apparatus is impractical for the investigation of the drying latex films. The scale of interest here is in the range of a few millimeters rather than a few microns.
EXPERIMENTAL
The instrument described below is conceptually similar to the classical beam-bending apparatus as well as the instrument employing a silicon wafer. The stress distribution is inferred from the deflection of the substrate. these instruments in that the substrate is a membrane rather than a solid material. The membrane's resistance to deformation is governed by the concomitant increase in the area of the membrane ͑as opposed to its bending stiffness, see Eq. ͑6͒ below͒. In the current setup, the deflection is monitored by using the back of the membrane as a mirror. Imaging some regular array of dots or lines across the membrane, one can infer the vertical displacement of the membrane from the image distortion. The instrument is simple, flexible, and sensitive to small stresses.
The setup is sketched in Fig. 1 . A polymer foil is stretched over a ring-shaped frame, which has a conical wedge at the outer edge. A second ring with a corresponding conical inner surface is placed onto the first frame. Pushing the second frame down and tightening it with screws, one stretches the membrane. The foil mostly employed so far is made of polyester and distributed by Monza ͑Product No. 97168͒. It is used for sun protection in the automotive industry and therefore has a semitransparent metal coating. The metal coating makes the imaging process particularly easy. On the other hand, since the foil is only partially reflective, one can see through it and thereby observe both the grid ͑in reflection͒ and the drop itself ͑in transmission, left panel in Fig. 3͒ . The metal coating is not strictly necessary; the natural reflectivity ͑ϳ4%͒ of an uncoated plastic foil would suffice to visualize the grating. One can base the choice of the foil on properties like wettability or mechanical stiffness.
Located below the membrane is a sheet of paper with a regular array of dots or lines ͓Fig. 2͑a͔͒. A typical grid spacing is 0.66 mm. Lines are the preferred pattern in case the image analysis is carried out by hand. When the image distortion is large, the images tend to become blurred. An intersection between two lines is then more reliably located than the position of a dot. Dots are the preferred pattern if the image analysis is to be carried by a software because automated image analysis programs recognize isolated dots more reliably than intersections between lines. Reference 20 reports on a related approach making use of a software originally developed for particle imaging velocimetry. Presumably, such a method would work as well.
A camera takes images of the pattern across the mirror formed by the membrane at a rate of a about 1 image/ min. A deflection of the membrane results in a lateral displacement of the apparent position of the dots. Figure 2͑b͒ shows the outcome of image analysis, which is a matrix of coordinates of the distorted grid. Comparison with the undistorted grid yields the deflection.
The local deflection of the membrane, ١u z ͑x i , y i ͒, is given by
where d is the apparent displacement of a dot from its ideal position, D is the distance between the grid and the mirror ͑that is, the membrane͒, and ͑x i , y i ͒ are the coordinates of the ith dot. The optimum choice of the distance between the grid and the mirror is governed by two considerations. On the one hand, one increases the sensitivity of the instrument by placing the object further away from the mirror because for a given deflection, the apparent displacement scales with the distance of the grid from the mirror. On the other hand, one has to keep an eye on the curvature of the membrane. Locally, the membrane can form a magnifying mirror with a certain focal length f. If the distance between the mirror and the grid is larger than the focal length, the image is inverted at this particular spot. Such images cannot be analyzed because the assignment of the points on the grid to the points on the image becomes ambiguous. The local vertical displacement u z ͑x i , y i ͒ is determined via integration ͓Fig. 2͑c͔͒. For circular drops, we typically perform a radial average ͓Fig. 2͑d͒, where the displacement axis has been converted to a stress axis by means of Eq. ͑17͔͒ and also plot the maximum stress versus time ͓Fig. 2͑e͔͒. As we show in the following section, the surface stress S ͑x , y͒ is-under certain assumptions-proportional to the vertical displacement u z ͑x , y͒. 
RELATION BETWEEN SURFACE STRESS AND VERTICAL DISPLACEMENT OF THE MEMBRANE
In order to keep the picture as simple as possible, we assume that the influence of the sample can be captured by a surface stress S ͑x , y͒ exerted by the membrane at the membrane/sample interface. More elaborate models can certainly be formulated. S is assumed to be much less than the tension of the membrane ⌫. This condition amounts to the requirement that the vertical displacement of the membrane be much less than the membrane thickness ͓Eq. ͑17͔͒. Further, we assume that the surface stress only acts in the plane and that it is independent of the in-plane direction. For a vertically homogeneous film, S is the product of the bulk stress inside the film, , and the film thickness d f . Both the surface stress S and the tension of the membrane ⌫ are assumed to be independent of the membrane deformation. The stress of the film mainly originates from the constrained shrinkage during drying. The stress of the membrane mainly originates from the forces exerted by the frame. While deformation will, in principle, alter the stress in proportion to the deformation, this influence is assumed to be small. The free energy of the membrane is assumed to depend entirely on the change of area associated with the deformation. Bending stiffness is ignored. More specially, we define a characteristic length , which is the square root of the ratio of the bending stiffness and surface tension. Assume a sinusoidal distortion of the form u z ͑x͒ = u 0 cos͑qx͒. The energy per unit area contained in bending is
where c bend is the bending stiffness, ٌ 2 u z is the curvature along x, and angular brackets denote a spatial average. The energy per unit area contained in stretching is given by
where ⌫ is the tension of the membrane. Clearly, bending and stretching dominate at high and low q vectors, respectively. The crossover occurs at a critical wave vector q c given by the condition that E bend and E stretch are equal. One finds
We do not have a quantitative value of our membrane's bending stiffness. We can estimate the critical length to be below 1 mm. This conclusion is corroborated by the rather sharp kinks which we see in the maps of u z ͑x , y͒. A large bending stiffness would smoothen these kinks out.
In the following, we use variational calculus in order to find the shape of the membrane u z ͑x , y͒ which minimizes the total free energy. Small deviations from the equilibrium shape, ␦u z ͑x , y͒, leave the free energy unchanged ͑to first order in ␦u z ͒. The condition that the elastic energy is a minimum is expressed as
where f is the elastic energy per unit area. f depends on the slope ١u z and on the curvature ٌ 2 u z . The energy has a contribution from the membrane ͑f m ͒ and the film ͑f f ͒. In the following, the indices m and f denote the membrane and the film. We assume the membrane tension ⌫ to have an in-plane isotropy. ⌫ has the dimension of a surface energy ͑J / m 2 ͒. The energy needed to locally enlarge the area of the membrane is given by
where, dÃ m is the infinitesimal true area of the membrane ͑as opposed to the projected area dA m = dxdy͒. We assume all slopes to be small and replace ͕1+͓١͑u z + ␦u z ͔͒ 
Expanding ͓١͑u z + ␦u z ͔͒ 2 in ␦u z and neglecting quadratic terms in ␦u z , we find
We now turn to the elastic energy of the film. The film is assumed to be thin and soft. The film's contribution to the stretching energy is negligible compared to the membrane's contribution,
The surface stress exerted by the film contributes to the elastic energy because it acts at a plane displaced from the center of the assembly by a distance d m / 2, where d m is the thickness of the membrane. When the membrane is bent convexly, the area of the upper surface increases and vice versa. We have
Inserting Eqs. ͑9͒, ͑10͒, and ͑12͒ into Eq. ͑5͒, one finds
Performing integration by parts on the second term, one finds
where S is the border of the integration range and n is a unit vector perpendicular to the border. This transformation also carries the name Green's first theorem. Assuming that the stress f exerted by the film vanishes on the border S, we arrive at
Since this relation is true for arbitrary distortions ␦u z ͑x , y͒, the term in brackets must vanish, which implies
Since both u z and vanish at the edge of the membrane, one can formally integrate, leading to
As Eq. ͑17͒ shows, one would have to use a soft, thick membrane under a small lateral tension in order to measure very small amounts of stress. Note, however, that a thick membrane will at the same time imply a large bending stiffness, which then may have to be included into the analysis. A quick estimate shows that the surface tension of water can be measured by flexible membranes, albeit with some difficulty. Assume that the stress is exerted by a slight excess of hydrostatic pressure from below ͑rather then stretching across a frame͒. Using the Laplace equation, one estimates the tension as ⌫ ϳ ⌬pr / 2, where ⌬p is the pressure difference and r is the radius of curvature. A small, but manageable pressure would presumably be around 10 3 Pa ͑10 −2 bar, a water column of 10 cm͒. Assume a radius of curvature of 1 m and a membrane thickness of 100 m. Further assume that the vertical displacement of the membrane can be measured with an accuracy of 10 nm by interferometric means. Based on Eq. ͑17͒, these values lead to a noise-equivalent surface tension of 50 mN/ m. The surface energies of monomolecular layers adsorbed to the surface of the membrane therefore are within reach of this technique. Again, such a membrane would yield maps of the stress distribution rather than single values ͑as the current microcantilever devices do͒. An array sensor for surface tension can be produced based on this approach.
CALIBRATION
The tension of the membrane, ⌫, is calibrated by placing a flat cylindrical punch of radius r c and weight W onto the center of the membrane. Gravity then exerts a vertical force F Ќ = gW onto the membrane, where g = 9.81 m / s 2 is the gravitational acceleration. Outside the contact area, the mean curvature H = ͑R 1 −1 + R 2 −1 ͒ / 2 is zero ͑with R 1 −1 and R 2 −1 the principal curvatures͒. We assume that u z is only a function of r ͑with r the distance from the center of the punch͒ and also that ͉du / dr͉ Ӷ 1. The condition of vanishing mean curvature then reads
which is solved by
ͪ.
͑19͒
The force exerted by the membrane onto the punch is balanced by gravity, which leads to
As Eq. ͑20͒ shows, the membrane behaves like a Hookean spring. Inserting Eq. ͑20͒ into Eq. ͑19͒, we find
͑21͒ Figure 3 shows a set of raw images acquired on the material UPV3 with the stress distribution superimposed as contour lines. UPV3 is a polymer dispersion kindly provided by M. Barandarian from the University of the Basque Country, San Sebastian. Details of the preparation are unessential. FIG. 3 . ͑Color online͒ A set of images obtained on a drying droplet. In the left image ͑acquired 59 after deposition͒, the drop is discernable as a white circle. The stress is close to zero at this time. The two other images were acquired 108 and 299 min after spreading. The drop turns transparent, where drying proceeds from the rim to the center. The buildup of stress mostly occurs after the sample has turned clear.
APPLICATION EXAMPLE
Briefly, UPV3 was prepared by miniemulsion polymerization. It is a nanocomposite, containing an acrylic polymer ͑methyl methacrylate and butyl acrylate in a 1 / 1 ratio͒ as the majority phase and an alkyd resin ͑Setal 293 xx-99 from Nuplex, NL, 10 wt % based on main monomers͒ as the minority phase. The glass temperature of films formed from UPV3 is 5°C. UPV3 does not crack in the film formation process, unless the films are rather thick.
The left image shows the drop 59 min after spreading. At this point, the drop is still turbid. It is visible through the membrane as a white circle. The drying-induced stress is at the noise level. This clearly has changed after 104 min ͑cen-ter͒. The drop is drying from the edge to the center. Only the center of the drop is turbid, at this time. A tensile stress has developed at the edge. At t = 299 min ͑right͒, the tension has further increased. The drop is now completely dry ͑judging from the turbidity͒. There is still a maximum of stress at the rim of the film. Note, however, that this maximum pertains to the surface stress, not to bulk stress. Visual observation shows that the drop has developed a bulge at the rim. Presumably, the bulge is mainly caused by the evaporation rate being higher at the edge. 21 An increased evaporation rate at the edge entails a transport of particles toward the edge because the contact line is pinned. Since the surface stress is the product of bulk stress and thickness, the stress maximum at the rim may have a geometric origin.
CONCLUSIONS
In order to understand cracking, it is essential to know the lateral stress distribution rather than just the average stress. Using a membrane under lateral tension as a substrate, such stress maps can be obtained. The stress can be derived from the vertical displacement. Initial experiments showed that drying droplets often have a stress maximum of the rim.
